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I. Introduction

F OR a fluid-loaded structure, how to calculate the coupled mo-
tions between the elastic structure and the associated medium

that surrounds it has attracted many researchers for many years.1−8

Different methods that include analytical approaches (e.g., the com-
plex integral transform, asymptotic technique), and the numerical
techniques [e.g. the finite element method (FEM), the boundary
element method (BEM)], etc., are available, and each has its own
advantages. Most of them derive the equation of motion of the fluid-
loaded structure first and then find the associated vibro-acoustic
response. However, great inherent difficulties in the interaction be-
tween the fluid and the structure are encountered when the structure
either has an irregular shape or is subject to boundary conditions
that are so complicated even the numerical technique, for example,
FEM or BEM, has trouble in modeling them.

This Note proposes an impedance technique9 to obtain the dy-
namic response of a fluid-loaded structure. The structural surface
is divided into multiple segments, and then the impedance of each
structural segment and the fluid are investigated individually. By
applying the conditions of force equilibrium and response compat-
ibility between the structure and the fluid, the impedance of the
fluid-loaded structure can be expressed as the impedance couplings
between the fluid and the structure. For systems where either the
equations of motion or the associated boundary conditions are dif-
ficult to be modeled, the impedances of the structure and fluid can
be obtained from experimental measurements. The impedance of
a mechanical component expressed using the frequency response
function (FRF) links the associated analytical model to practical
measurements, which has been demonstrated by traditional modal
testing. Therefore, it provides an alternative to obtaining the vibroa-
coustic response of a fluid-loaded structure.

Nevertheless, for a fluid-loaded structure, how to model the fluid-
loading effect and then couple it with the impedance of the structure
in vacuo is still an issue that must be answered first. It is well known
that the fluid-loading effect on a structure can be modeled using
Fourier transform as an acoustic wave impedance in the wave num-
ber domain. However, the impedance of the structure in vacuo is
expressed using the frequency response function and thus it is re-
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quired to express the fluid loading in terms of impedance in the
same FRF model as well. In this Note, a methodology of expressing
the fluid loading as a radiation impedance on the structure is de-
veloped. A formulation that assembles the radiation impedance and
the structural impedance is introduced in order to demonstrate how
a fluid-loaded structural impedance model is constructed by using
the impedance of structure in vacuo and the radiation impedance.

II. Mechanical Mobility of Structures
Although the definition of mechanical mobility is well known,

for the purpose of completeness, the concept of structural mobility
will be introduced here using a simple beam as an example.10,11

Consider a beam of length L , thickness b, width w, and density ρ0,
whose surface is divided into N segments as shown in Fig. 1. When
a harmonic force with a frequency ω acts on the midpoint of the nth
segment, the equation of motion for the beam is expressed as

E I
∂4w

∂x4
+ ρ A

∂2w

∂t2
= Fvδ(x − xn)e

iωt (1)

where δ(x) is the Dirac delta function, w the beam displacement, E I
the bending rigidity,ρ A the mass per unit length, Fv the concentrated
force, and xn the coordinate corresponding to the midpoint of the
nth segment. Based on the information of excitation at xn and the
response at xm , the mobility of the beam mm,n is defined as

mm,n = Vv(xm, t)

Fveiωt
=

∞∑

k = 1

iωφk(xn)φk(xm)(
ω2

k − ω2
) (2)

where Vv(xm, t) is the transverse velocity of the mth beam seg-
ment, ωk is the kth natural frequency of the beam, and φk is the
corresponding mass normalized shape function that satisfies the as-
sociated boundary conditions. The first subscript of m indicates the
response segment, and the second denotes the excitation segment,
respectively. Based on the concept of frequency response function,12

the force-velocity relation of the beam can be rewritten as

Vv = MF (3)

where Vv − {Vv1, Vv2, Vv3, . . . , VvN }T is the beam transverse veloc-
ity represented discretely by the velocity of each beam segment,
F = {F1, F2, F3, . . . , FN } is the external force acting on each beam
segment, for example, F = 0, 0, 0, . . . , Fn = Fv, . . . , 0} in this ex-
ample, and M is the structural mobility expressed as

M =





m1,1 m1,2 .. m1,N

m2,1 m2,2 .. ..

.. .. mm,n ..

m N ,1 .. .. m N ,N





N × N

(4)

Fig. 1 Beam subjected to a concentrated harmonic force at the nth
segment.
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Equation (4) provides an alternative to finding the structural re-
sponse, provided that the mobility M is known a priori. When the
structure is either in an irregular shape or has complicated bound-
ary conditions, M is much more easily determined using an ex-
perimental technique, for example, by impact testing,12 rather than
an analytical method. However, the number of segments used to
divide a structure, the so-called spatial resolution, depends on the
excitation frequency, which can range from 10 to several hundred. It
implies that constructing the mobilty matrix M is a time-comsuming
process. Fortunately, the number of measurements can be reduced
dramatically due to reciprocity.

III. Impedance of Fluid
Consider that a baffled, finite fluid-loaded beam vibrates with a

transverse velocity V (x); the acoustic pressure at the beam surface
can be expressed as8

Pa(x, 0) = ρ0ω

2π

∫ ∞

−∞

V̄ (α)√
k2

0 − α2
e jαx dα (5)

where k0 is the acoustic wave number, V̄ (α) is the Fourier transform
of the beam velocity V (x):

V̄ (α) =
∫ ∞

−∞
V (x)e− jαx dx (6)

and the branch of the radical is defined by

√
k2

0 − α2 =
{√

k2
0 − α2, k0 ≥ α

− j
√

α2 − k2
0, α > k0 (7)

Assume that the beam is divided into N segments, and each vibrating
beam segment can be regarded as a sound source. The transverse
velocity of the mth beam segment vibrating with a unit amplitude
is expressed as

vm(x) = [H(x − x1m) − H(x − x2m)]e jωt (8)

where H is the Heaviside unit function and x1m and x2m are the
coordinates corresponding to the left and the right ends of the mth
beam segment. The Fourier transform of Eq. (8) is

V̄m(α) = e− jαx2m − e− jαx1m

− jα
(9)

Substituting Eq. (9) into Eq. (5) yields the acoustic pressure acting
on the beam surface:

Pa(x, 0) = ρ0ω

2π

∫ ∞

−∞

exp [− jα(x − x2m)] − exp [ jα(x − x1m)]

− jα
√

k2
0 − α2

dα

(10)
Equation (10) represents the acoustic pressure contributed solely
by the mth beam segment that is vibrating with a unit amplitude at
frequency ω. If the length of each beam segment is small compared
with the acoustic wavelength of the fluid, the force acting on the
nth beam segment as a result of the mth beam segment vibrating
with transverse velocity vvm can be represented equivalently as a
concentrated force Fan,m acting on the midpoint of the nth beam
segment:

Fan,m = −
[
w

∫ x2n

x1n

Pam(x, 0) dx

]
vvm (11)

where w is the width of the structure, the negative sign represents
the force induced by the acoustic pressure, x1n and x2n are the co-
ordinates of the left and right ends of the nth segment, respectively.
Equation (11) can be expressed using the impedance notation:

Fan,m = −Zan,mvvm (12)

where

Zan,m = w

∫ x2n

x1n

Pam(x, 0) dx

It is obvious that the value of Zan,m depends on the distance be-
tween the receiver for example, the nth beam segment, and the

sound source, for example, the mth beam segment. Moreover, the
reciprocity holds as the source and the receiver interchange:

Zam,n = Zan,m (13)

Based on reciprocity, the source and receiver have a more general
relation expressed as the following:

Zam,n = Za[abs(m − n) + 1],1 (14)

For example, Za5,2 is equal to Za4,1 or Za1,4 because the distance
between segment no. 5 and segment no. 2 is equal to that between
segment no. 4 and segment no. 1. If all of the beam segments vi-
brate simultaneously, the forces caused by the associated acoustic
pressure acting on each beam segment can be expressed as

Fa = −ZaVv (15)

where Fa = {Fa1, Fa2, . . . , FaN }T is the transverse force acting on
the midpoint of each segment, V = {Vv1, Vv2, Vv3, . . . , VvN }T is the
transverse velocity of each beam segment, and Za is the impedance
of the fluid:

Za =





Za1,1 Za1,2 .. Za1,N

Za2,1 Za2,2 .. ..

.. .. Zam,n ..

ZaN ,1 .. .. ZaN ,N





N × N

(16)

Each row in Eq. (16) represents the sound pressure acting on a
specific beam segment, whereas each column is the sound pressure
radiated from a specific beam segment acting as a sound source. It is
clear that Eq. (16) provides an alternative to determine the radiated
acoustic pressure of a vibrating structure based on the impedance
technique without deriving the equation of motion, provided that
the velocity response of the beam is obtained antecedently. Notice
that the sound pressure is acting on the beam as fluid loading and
thus influences the beam velocity. How to couple the impedances
between the structure and the fluid loading and thus have an accurate
prediction of the vibroacoustic response of the fluid-loaded structure
is described in the following section.

IV. Impedance Couplings Between Structure and Fluid
Consider the same fluid-loaded beam mentioned in the preceding

section, but it is excited by the force Fe = {Fe1 Fe2 .. Fen .. FeN }T ,
where Fen represents the concentrated force acting on the nth seg-
ment as shown in Fig. 2. The force acting on the structure includes
the external force acting on each beam segment and the fluid loading
as expressed in Eq. (15):

F =






Fe1

Fe2

..

FeN





−





Za11 Za12 .. Za1N

Za21 .. .. ..

.. .. .. ..

ZaN1 ZaN2 .. ZaN N










Vv1

Vv2

..

VvN





(17a)

Equation (17a) is rewritten by using matrices as

F = Fe − ZaVv (17b)

where Fe causes the structure vibrating harmonically and −ZaVv

results from the fluid loading. Substitution of Eq. (17b) into Eq. (3)
yields

(I + MZa)Vv = MFe (18)

where I is a N × N unit matrix. The term I + MZa represents the
impedance coupling between the structure and the fluid, and MFe

Fig. 2 Fluid-loaded beam subjected to distributed harmonic forces.
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is the transverse velocity of the structure in vacuo caused by the
external force. Equation (18) can be interpreted as a transformation
of a structural response from a structure in vacuo, MFe into that
from a fluid-loaded structure Vv . The velocity of the fluid-loaded
structure is simply written in terms of the mobility of the structure
in vacuo and the acoustic impedance of fluid:

Vv = MflFe (19)

where Mfl = [(I + MZa)
−1M] is the mobility of the fluid-loaded

structure. The structure is assumed to be immersed in a homoge-
neous fluid at rest, that is, the influence of fluid motion on the struc-
tural response has been neglected. Therefore it is not every kind of
fluid-structure interaction that can be formulated by using the pro-
posed methodology. The proposed technique, nevertheless, provides
an alternative on the modeling of fluid-structure interaction.

V. Numerical Validation
To illustrate the methodology and the formulation discussed in

the preceding sections, an example is presented to validate the fluid
loading calculated using the proposed methodology by comparing
it to that obtained from a traditional method, for example, the wave-
number transformation method.

Consider a fluid-loaded baffled beam with simply supported
boundary conditions subject to a concentrated harmonic force acting
at x = 0.045 m. The parameters of the beam and the fluid are listed
in Table 1. Figure 3 shows the driving point mobility obtained using
the proposed impedance method together with that from the trans-
formation method. The dotted line denotes the mobility spectrum
and is calculated with the beam being divided into 10 equal-length
segments, whereas the dashed line represents the mobility obtained
using 30 equal-length beam segments. Notice that the result using
10 equal-length segments agrees well with that from the transfor-
mation method at low frequency, and their discrepancies increase as
the frequency increases. However, the discrepancy in the frequency
spectra at high frequency decreases as the total segment number
increases. It is not surprising that a smaller beam segment should be
adopted in the proposed impedance method to accurately approxi-
mate the fluid loading for a high-frequency excitation.

Figures 4 and 5 show the acoustic impedances caused by the no.
1 and no. 50 beam segments at an excitation frequency of 200 and

Table 1 Parameters of beam and fluid

Parameter Value

Beam
Thickness h, m 2 × 10−3

Length L , m 6 × 10−1

Width b, m 5 × 10−2

Young’s modulus E , N/m2 7 × 1010

Density ρ, kg/m3 2.7 × 103

Fluid
Wave speed C , m/s 1.5 × 103

Density ρ0, kg/m3 1 × 103

Fig. 3 Driving point mobility of beam at the position of 0.045 m.

Fig. 4 Acoustic impedance on beam surface at 200 Hz.

Fig. 5 Acoustic impedance on beam surface at 3000 Hz.

3000 Hz, respectively, while the beam is divided into 100 equal-
length segments. It is well known that the real part of the impedance
has a damping effect on the beam, whereas the imaginary part has a
mass effect. It is not surprising that the mass effect is localized near
the source, the no. 1 and no. 50 beam segments in this example. On
the contrary, both the no. 1 and no. 50 beam segments have similar
damping effects on the other beam segments. The reason is simply
that the acoustic wavelength is larger than the length of the beam
when the excitation frequency is 3000 Hz.

VI. Conclusions
An impedance technique of modeling fluid-loaded structures is

proposed. The fluid loading effect is expressed discretely using the
frequency response function, and then a formulation that assembles
the acoustic impedance and the structural impedance is developed
to determine the response of the fluid-loaded structure. The advan-
tage is that the response of the fluid-loaded structure can be found
without deriving the equation of motion, which usually encounters
difficulties when the structure is either in an irregular shape or with
complicated boundary conditions. The fluid loading calculated using
the impedance technique is validated numerically, and its accuracy
depends on the size of the structural segment relative to the acoustic
wavelength. Although this modeling technique is effective provided
that the acoustic wavelength is larger than that of the structural
segment, however, for a heavy fluid loading the validness of this
model can be extended to higher frequencies.
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